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ABSTRACT
The gravitational stability of a two-dimensional self-gravitating and differentially rotating gaseous
disk in the context of post-Newtonian (hereafter PN) theory is studied. Using the perturbative method
and applying the second iterated equations of PN approximation, the relativistic version of the dis-
persion relation for the propagation of small perturbations is found. We obtain the PN version of
Toomre’s local stability criterion by utilizing this PN dispersion relation. In other words, we find
relativistic corrections to Toomre’s criterion in the first PN approximation. Two stability parameters
η and µ related to gravity and pressure are introduced. We illustrate how these parameters determine
the stability of the Newtonian and PN systems. Moreover, we show that, in general, the differentially
rotating fluid disk is more stable in the context of PN theory relative to the Newtonian one. Also,
we explicitly show that although the relativistic PN corrections destabilize non-rotating systems, they
have the stabilizing role in the rotating thin disks. Finally, we apply the results to the relativistic disks
around hypermassive neutron stars (HMNSs), and find that although Newtonian description predicts
the occurrence of local fragmentations, PN theory remains in agreement with the relevant simulations,
and rules out the existence of local fragmentations.
Keywords: gravitation, hydrodynamics — instability
1. INTRODUCTION
It has been an interesting challenge to achieve a criterion for gravitational instability of fluid and stellar disks since
almost 60 years ago. The first fundamental studies can be found in Safronov (1960) and Toomre (1964). In these
primary works, gravitational instability was studied for understanding the dynamics of disks and particularly the
structure of spiral arms. On the other hand, it is believed that star formation occurs in spiral arms. This process
influences the main characteristics of the galactic disk and its interstellar gas (Kormendy & Kennicutt 2004; Sellwood
2014). Consequently, nowadays it is more interesting to achieve a relation between gravitational instability and star
formation rate (McKee & Ostriker 2007; Leroy et al. 2008). Lin and Shu in 1960 claimed that the spiral structure is
a density wave. This picture has been not changed and consequently the linear analysis could be applied to study the
gravitational stability of the disk.
On the other hand, because of the long-range nature of gravitational force, it is very difficult to find a criterion
for gravitational stability. In fact, only for a special case this task can be done analytically, see Kalnajs (1972). In
fact, this feature of the gravitational force leads to some difficulties to compute the gravitational potential of a spiral
arm. Consequently, the global stability analysis of a galactic disk cannot be done straightforwardly (Kalnajs 1977;
Jalali 2007). However, for tightly wound density waves, one can ignore the long-range effects and find an analytical
approach. This is a local approach, known as WKB approximation, in which the relevant analysis does not depend on
the given model for the background disk.
Using this approximation one can find a criterion for gravitational stability of a one component rotating razor-
thin disk (Binney & Tremaine 2008). Furthermore a more complex case is a zero thickness galactic disk consisting
of two components, i.e., stars and gas. This case has been widely studied, for example, see Jog & Solomon 1984;
Bertin & Romeo 1988; Wang & Silk 1994; Jog 1996; Rafikov 2001 and Shadmehri & Khajenabi (2012) for a two-
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component study where the gaseous component is turbulent. In addition, there is a variety of analytical and numerical
studies for disks with finite thickness, for example, see Vandervoort (1970); Romeo (1990, 1992, 1994).
The effect of magnetic field on the gravitational stability of thin disks can be found in Elmegreen (1987), Elmegreen
(1994); Gammie (1996); Fan & Lou (1997) and Kim & Ostriker (2001). Also, the effect of viscosity on the local
stability has been studied in Gammie (1996).
In this paper, we are interested in relativistic corrections to Toomre’s criterion. More specifically, in relativistic
situations, the standard gravitational stability criterion needs to be changed. In fact, astrophysical instabilities in
relativistic systems may substantially influence the dynamics of the system. For example during the merger of binary
neutron stars the Kelvin-Helmholtz instability appears in the system (Anderson et al. 2008; Obergaulinger et al. 2009;
Goodman & Xu 1994). Furthermore, the dynamical bar-mode instability can occur in differentially rotating neutron
stars. In fact, the bar-mode instability in supernova collapse or binary neutron star mergers could lead to strong
and observable gravitational waves (Shibata et al. 2000). As another example see Siegel et al. (2013), where the
magnetorotational instability (MRI) in the evolution of HMNS has been investigated.
The relativistic corrections to the Jeans instability have been investigated in Nazari et al. (2017). It is shown that
applying the first relativistic corrections to the equations of hydrodynamics, a new Jeans mass is obtained. More
specifically, the new Jeans mass is smaller than the standard case. Also, it is interesting that in the PN limit, the
pressure and the internal energy can support the instability of the system (Nazari et al. 2017).
Since rotation plays an important role in relativistic disks, here we generalize Nazari et al. (2017) results to a rotating
razor-thin disk. The result would be important in the differentially rotating and relativistic disks around HMNSs.
Recently, Ellis et al. (2018) have shown that the existence of matter fragmentations in the above-mentioned disks,
can effectively influence the power spectrum of the gravitational waves produced during the merger of two neutron
stars. From this perspective, finding an analytical criterion for the growth of local fragmentations in relativistic disks
seems interesting. However, the main difficulty is that general relativity’s (GR) field equations cannot be handled
analytically for arbitrary matter configurations. So it is helpful to use numerical approaches as well as approximative
methods. The PN approximation is one of the powerful methods for this aim. Within this framework, the relativistic
corrections are added to the Newtonian description in an iterative manner. Consequently, this approach is appropriate
for systems where the velocities are small compared to the velocity of light. On the other hand, gravitational fields are
strong enough which one cannot use Newtonian gravity, and are weak enough to ignore higher order general relativistic
effects. For an excellent introduction to PN theory, we refer the reader to Poisson & Will (2014).
This method introduced by Einstein, Infeld, and Hoffmann in the 1930s and developed by Fock (Fock 1959) and
Chandrasekhar (Chandrasekhar 1965, 1967, 1969; Chandrasekhar & Nutku 1969; Chandrasekhar & Esposito 1970).
Clifford Will extended this approach in a subsequent series of papers with emphasis on the experimental founda-
tions of GR (Thorne & Will 1971; Will 1971a,b). Furthermore, Blanchet developed the PN formalism in the direc-
tion suitable to investigate the gravitational emission from inspiralling compact binaries (Blanchet & Damour 1989;
Blanchet & Scha¨fer 1989; Blanchet et al. 1995).
One can find some important applications of PN theory in the literature. For example, it can be used to
study the equation of motion of binary pulsars (Blandford & Teukolsky 1976; Epstein 1977; Hulse & Taylor 1975;
Damour & Taylor 1991), general relativistic tests of GR in the solar system (Will 1987, 1994), the normal modes
of relativistic systems Rezania (2000), gravitational radiation reaction (Chandrasekhar & Esposito 1970; Burke 1971;
Blanchet 2006), Jeans analysis (Nazari et al. 2017), and also accretion disks around black holes (Demianski & Ivanov
1997). Furthermore, it has been significantly useful for modeling the gravitational waves. Most recently, Abbott et al.
(2017) announced the first detection of gravitational waves from the inspiral of a binary neutron star system. On the
other hand, for analyzing the observations of the gravitational-wave detectors, the high accuracy templates predicted
by GR theory is required. For relativistic systems, such as inspiral of a binary neutron star, the high-order PN frame-
work can accurately model the gravitational wave emission (Blanchet 2014). This framework has been also used in
Abbott et al. (2017) to interpret the observed signal. For a comprehensive review of PN theory and its applications,
we refer the reader to Will (2014).
In this paper, we use the PN approximation up to the first PN order (1PN ) to find a new version of Toomre’s criterion
including the first relativistic corrections to the standard form. This criterion can be written in terms of the standard
Toomre’s parameter. In this case, the differences between the Newtonian and the PN theories will be more clear.
The map of this paper is as follows. In Sec. 2 we introduce the hydrodynamic equations of the gaseous disk in the
context of PN theory. In Sec. 3, using a perturbative method, we linearize the PN equations of hydrodynamics, and
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then find the PN potentials of a tightly wound spiral pattern. Finally, we obtain the dispersion relation for WKB
density waves. The PN version of Toomre’s criterion is found in Sec. 4. In this section, introducing two dimensionless
stability parameters η and µ, we derive the PN Toomre’s criterion, as our main result in this paper. In Sec. 5 we
introduce an exponential toy model and study its local stability. Moreover, in this section, we study the growth rate
of unstable modes and find the boundary between stable and unstable modes. Sec. 6 is devoted to the application of
our results to disks around HMNS. Finally, we summarize the results and conclusions in Sec. 7.
2. POST-NEWTONIAN DYNAMICS OF A GASEOUS DISK
In this section, we introduce the equations of hydrodynamics in the first PN approximation for a two-dimensional
fluid. The system is supposed to be perfect fluid, and all the dissipative effects are ignored. The disk has no thickness
and also background disk is axisymmetric and static. Furthermore, the plane of the disk situated in the x − y plane
and the cylindrical coordinates system can be used in this case.
Since we are interested in general relativistic effects, it is necessary to find the space-time metric, gµν , in the PN
approximation. In fact, metric appears in the relativistic equations of hydrodynamics. Fortunately, this metric is
already known. Let us briefly review the PN metric. To find the PN metric, using the Landau-Lifshitz formulation
of general relativity, one may rewrite the Einstein field equations as a flat space-time wave equation. Then using a
suitable gauge condition, which is known as the harmonic gauge condition, it is possible to solve the wave equation by
an iterative method.
The solution will be a retarded integral over the past light cone of the field point. The domain of the integration can
be conveniently partitioned into a near zone domain and a wave zone domain. In the near zone, the field point distance
from the source r = |x| is small compared with a characteristic wavelength λc = c tc where tc is the characteristic
time scale of the dynamics of the source, and c is the speed of light. The boundary of the near and wave zones is
situated roughly at an arbitrary radius R. This radius is of the same order of magnitude as λc. The integrals can
vanish at this boundary. In fact, by partitioning the domain of integration into these two zones, all integrations will
be finite, and one can show that the contributions from the near-zone spatial integrals containing R (where diverge at
R → ∞) will be canceled by corresponding terms from the wave zone integrals (Will & Wiseman 1996). As a result,
this calculation does not depend on the arbitrary boundary radius R. Keeping in mind these facts, one can find the
PN metric as below (Poisson & Will 2014)
g00 = −1 + 2
c2
U +
2
c4
(Ψ − U2) +O(c−6)
g0j = − 4
c3
Uj +O(c
−5)
gjk = δjk
(
1 +
2
c2
U
)
+O(c−4)
(1)
where Ψ is defined as follows
Ψ = ψ +
1
2
∂2X
∂t2
(2)
Potentials that appear in the metric components are given by
U(t,x) = G
∫
Σ∗d2y
|x− y|
ψ(t,x) = G
∫
Σ∗(32v
2 − U +Π+ 3p/Σ∗)
|x− y| d
2y (3)
X(t,x) = G
∫
Σ∗ |x− y| d2y
U j(t,x) = G
∫
Σ∗vj
|x− y|d
2y
where quantities in integrands are evaluated at time t and position y. The matter variables in the PN approach are
{Σ∗, p,Π,v}, where Σ∗ is the conserved surface mass density defined as
Σ∗ =
√−gγΣ = √−gΣu
0
c
(4)
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in which Σ is the proper surface density and g is the determinant of the metric tensor. Here u0 is the zeroth component
of the velocity four-vector uα. It should be noted that in the Newtonian limit there is no difference between Σ∗ and
the proper surface density Σ. Moreover, p is the pressure, Π = ǫ/Σ is the internal energy per unit mass, and vj is the
fluid’s velocity field defined with respect to the time coordinate t. Note that ǫ is the proper surface density of internal
energy and U is the gravitational potential for surface density Σ∗. In the following subsection, we will introduce the
Newtonian potential in terms of Σ. Using the PN metric and the conservation equation of the energy-momentum
tensor, i.e., ∇µT µν = 0, one can find the PN equations of hydrodynamics (Poisson & Will 2014). In fact in the 1PN
approximation, the relativistic corrections appear as terms proportional to order c−2 in the equations. The continuity
equation in the PN limit takes the following form
∂Σ∗
∂t
+∇ · (Σ∗v) = 0 (5)
In the cylindrical coordinate system (R,ϕ, z), where the velocity is v = vReR + vϕeϕ, Eq. (5) is given by
∂Σ∗
∂t
+
1
R
∂
∂R
(RΣ∗vR) +
1
R
∂
∂ϕ
(Σ∗vϕ) = 0 (6)
Moreover, the Euler equation in the PN approximation can be written as follows
dv
dt
=− ∇p
Σ∗
+∇U + 1
c2
{
1
Σ∗
[(1
2
v2 + U +Π+
p
Σ∗
)
∇p− v∂p
∂t
]
+
[
(v2 − 4U)∇U − v(3 ∂U
∂t
+ 4v · ∇U)
+ 4
∂U
∂t
− 4v × (∇×U) +∇Ψ
]}
+O(c−4) (7)
The terms inside the braces are PN corrections. In the 1PN approximation, we ignore terms proportional to order c−4
and higher. The left-hand side (L.H.S.) of Eq. (7) can be written as ∂v/∂t+(v·∇)v. After some algebraic manipulations
and using vector analysis in the cylindrical coordinate system, one can decompose Eq. (7) to components R and ϕ.
The R component of the Euler equation reads
∂vR
∂t
+ vR
∂vR
∂R
+
vϕ
R
∂vR
∂ϕ
− v
2
ϕ
R
= − 1
Σ∗
∂p
∂R
+
∂U
∂R
+
1
c2
{
1
Σ∗
[(
1
2
v2 + U +Π+
p
Σ∗
)
∂p
∂R
− vR ∂p
∂t
]
+
[
(v2 − 4U)∂U
∂R
− vR
(
3
∂U
∂t
+ 4vR
∂U
∂R
+
4vϕ
R
∂U
∂ϕ
)
+ 4
∂UR
∂t
− 4vϕ
R
(
∂(RUϕ)
∂R
− ∂UR
∂ϕ
)
+
∂Ψ
∂R
]}
+O(c−4) (8)
Also the ϕ component of the Euler equation can be written as
∂vϕ
∂t
+ vR
∂vϕ
∂R
+
vϕ
R
∂vϕ
∂ϕ
+
vϕvR
R
= − 1
Σ∗R
∂p
∂ϕ
+
1
R
∂U
∂ϕ
+
1
c2
{
1
Σ∗
[(
1
2
v2 + U +Π+
p
Σ∗
)(
1
R
∂p
∂ϕ
)
− vϕ ∂p
∂t
]
(9)
+
[
(v2 − 4U) 1
R
∂U
∂ϕ
− vϕ
(
3
∂U
∂t
+ 4vR
∂U
∂R
+
4vϕ
R
∂U
∂ϕ
)
+ 4
∂Uϕ
∂t
+
4vR
R
(
∂(RUϕ)
∂R
− ∂UR
∂ϕ
)
+
1
R
∂Ψ
∂ϕ
]}
+O(c−4)
In order to have a complete set of differential equations, the above-mentioned equations should be joined with the first
law of thermodynamics and an equation of state (hereafter EOS). The first law of thermodynamics for a perfect fluid
can be written as
dΠ
dt
=
p
Σ∗2
dΣ∗
dt
+O(c−2) (10)
On the other hand, the pressure and density of the fluid can be related to each other via an EOS. A simple case
suitable for astrophysical aims is the barotropic equation, given as
p = p(Σ∗) (11)
where the conserved surface density is
Σ∗ = Σ
(
1 +
v2
2 c2
+
3U
c2
)
(12)
Therefore Eqs. (6), (8), (9), (10) and (11) are the main equations for a self-gravitating fluid system in the PN
limit. As we know in the Newtonian case, there is one more equation, namely the Poisson’s equation which gives
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the Newtonian gravitational potential U . In the PN limit, we have more potentials which are given by the following
equations (Poisson & Will 2014)
∇2U = −4πGΣ∗δ(z) (13)
∇2X = 2U (14)
∇2ψ = −4πGΣ∗δ(z)
(
3
2
v2 − U +Π+ 3p
Σ∗
)
(15)
∇2U j = −4πGΣ∗vjδ(z) (16)
where δ is the Dirac delta function. We have already written the solutions of these equations in (3) and included them
in the Euler equation.
Now we are in a position to study the gravitational stability of the rotating disk against local perturbations. For
a non-rotating system, we have investigated the Jeans analysis in the PN limit in Nazari et al. (2017). Therefore the
current study can be considered as a complementary investigation to Nazari et al. (2017). More specifically in the
mentioned paper, we have studied the stability of an infinite and non-rotating fluid, and here our aim is to find a
generalized version of Toomre’s criterion for stability of a differentially rotating thin disk in the 1PN approximation.
To do so, we use the WKB approximation, and by linearizing the governing equations, we find the PN potentials
for tightly wound spiral density perturbations. In other words, we study the evolution and propagation of the matter
density waves on the surface of the rotating disk by finding the relevant dispersion relation from the first-order
perturbative analysis. As usual, the dispersion relation helps to find a stability criterion. In a Newtonian system, In
an infinite homogeneous fluid system in Newtonian gravity, the gas pressure has stabilizing effects and plays against
gravitational instability. However, a relativistic situation is more complicated. For example, high gas pressure can
trigger the instability Nazari et al. (2017). In the following sections, assuming adiabatic perturbations, we explore the
effects of the PN correction terms on the gravitational stability of a rotating fluid. Furthermore, we assume that the
fluid lies in the PN realm, and consequently the Newtonian description does not work for it.
3. DISPERSION RELATION FOR A SELF-GRAVITATING FLUID DISK IN PN APPROXIMATION
In this section, we find the dispersion relation for the propagation of adiabatic perturbations on the surface of a
self-gravitating and differentially rotating fluid disk in the context of PN theory by a three-step process. First, we
linearize PN equations of hydrodynamics introduced in the previous section. On the other hand, to investigate the local
stability analysis we apply the tight-winding or WKB approximation. For a m-fold symmetric tightly wound density
wave with wavenumber k, one can show that |kR/m| ≫ 1. Therefore the terms proportional to 1/R compared to the
analogous terms proportional to k can be neglected. This approximation provides us with a substantial simplicity in
the calculations. Furthermore, we deal with a static and axisymmetric fluid disk which has no mean radial movement,
i.e., for the background we have vR = 0. In the second step, we find the PN potentials for the desired perturbations.
To do so, we use the above-mentioned WKB approximation, and simplify the differential equations. Finally, we solve
the linearized PN equations to find the dispersion relation of the perturbations. Using this relation, we investigate the
stability of the system against local gravitational perturbations.
3.1. The linearized post-Newtonian equations of hydrodynamics
Our aim is to solve ten scalar equations introduced in Sec. 2, Eqs. (6), (8), (9), (10), (11), and (13)-(16), for
first-order perturbations, and find the dispersion relation in the PN limit. Hereafter by prime sign we mean derivative
with respect to R, and show the perturbed quantities as Q1 = Qa exp [i(k · x− ωt+mϕ)], where ω is the oscillation
frequency of the disturbances, k is the wavenumber, and as usual m is a positive integer which specifies the rotational
symmetry of the disturbance. Note that in the rest of this paper, perturbed quantities are labeled by subscripts ”1”,
and background quantities do not have any subscript. In other words, each quantity can be collectively written as
Q˜ = Q+Q1 where Q1/Q≪ 1.
It is instructive to find the PN version of the rotation speed, circular frequency and also two Oort constants for the
background system. In other words, let us find the PN corrections to these background quantities. We need the PN
background quantities in the subsequent sections. To do so, we use the radial component of the Euler equation (8)
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for the background disk. By assuming that the unperturbed disk is static, axisymmetric, and vR = 0, Eq. (8) can be
written as
v2ϕ
R
=
p′
Σ∗
− U ′ − 1
c2
{
(v2ϕ − 4U)U ′ −
4vϕ
R
(RUϕ)
′ + ψ′ +
p′
Σ∗
( p
Σ∗
+Π+ U +
v2ϕ
2
)}
(17)
We solve this algebraic equation and derive vϕ. Then we expand the solution in powers of c
−1 and drop all the terms
of order c−4 and higher. Finally, we obtain
vϕ ≃
√
F +
1
c2
{
2(RUϕ)
′ +
R√
F
(1
2
R (U ′)
2
+ 2UU ′ − p
′
4Σ∗
[Rp′
Σ∗
+
2 p
Σ∗
+ 2Π+RU ′ + 2U
]
− ψ
′
2
)}
+O(c−4) (18)
where F = Rp
′
Σ∗ −RU ′. Now let us decompose the Newtonian and PN terms. Here, we have not ignored the pressure
effects on the circular velocity in the first approximation. The first term on the right-hand side (R.H.S.) includes both
Newtonian and PN contributions. In fact, U is the gravitational potential for Σ∗ which includes both Newtonian and
PN contributions, see Eq. (12). To separate these contributions, we use Eq. (12) to define the scalar potentials UN,
Uv, and Uu as follows
U = UN +
1
c2
(Uv + Uu) (19)
in which
UN = G
∫
Σ
|x− y|d
2y, Uv = G
∫
ΣR2Ω2
2 |x− y|d
2y, Uu = G
∫
3ΣUN
|x− y|d
2y (20)
In this set of equations, UN is the Newtonian potential constructed from proper density Σ. Moreover, Ω is the circular
frequency in Newtonian gravity. In order to complete this decomposition, we should also separate the Newtonian and
PN contributions in the pressure. To do so, let us expand the pressure as follows
p = pN +
1
c2
pc (21)
where pN is the Newtonian pressure which is a function of Σ. After specifying EOS, we will introduce pc as the PN
correction to the pressure. Now using Eqs. (12), (19) and (21), we rewrite Eq. (18) as follows
vϕ ≃
√
FN +
1
c2
{
2(RUϕ)
′ +
R√
FN
(1
2
R (U ′N)
2
+ 2UNU
′
N −
p′N
4Σ
[Rp′N
Σ
+
2 pN
Σ
+ 2Π+RU ′N + 8UN +R
2Ω2
]
(22)
+
p′c
2Σ
− U
′
v
2
− U
′
u
2
− ψ
′
2
)}
+O(c−4)
in which FN =
Rp′
N
Σ − RU ′N. This is the circular velocity in the PN approximation. It is worth mentioning that this
equation represents a balance between the centrifugal force, the pressure gradient and the gravitational force including
PN corrections. Naturally, by removing the 1PN correction terms, the Newtonian rotation speed is recovered as follows
vϕ ≃
√
Rp′N
Σ
−RU ′N = RΩ (23)
It is also instructive to define a PN circular frequency Ωp. To do so, let us rewrite the PN circular speed vϕ as
vϕ ≃ RΩp. Using this definition and substituting Eq. (23) into Eq. (22), we eventually arrive at
Ωp ≃ Ω− 1
c2
{
1
2RΩ
(U ′v + U
′
u) +
1
2
R2Ω3 − 2Uϕ
R
− 2U ′ϕ + 2ΩUN +
ψ′
2RΩ
− H
R
}
+O(c−4) (24)
where the function H is defined as
H =
p′c
2ΣΩ
− pN
2ΣΩ
(
RΩ2 + U ′N
)
−R2ΩU ′N −
Π
2Ω
(
RΩ2 + U ′N
)
(25)
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Before moving on to discuss the first order perturbations, let us introduce two PN Oort constants that will be useful to
simplify equations in the subsequent calculations. By substituting Eq. (24) into the definition of two Oort constants
(see Binney & Tremaine 2008), we find the following constants in the PN limit
Ap =− RΩ
′
2
+
1
c2
{
Uϕ
R
+RΩU ′N +
1
2
R2Ω3 − ψ
′
4RΩ
+RUN Ω
′ +
3
4
R3Ω2Ω′ − U
′
u
4RΩ
− Ω
′ U ′u
4Ω2
− ψ
′Ω′
4Ω2
(26)
− U
′
v
4RΩ
+
U ′′u
4Ω
− Ω
′ U ′v
4Ω2
− U ′ϕ +
ψ′′
4Ω
−RU ′′ϕ +
U ′′v
4Ω
+
H
2R
− H
′
2
}
+O(c−4)
and
Bp =− Ω− RΩ
′
2
+
1
c2
{
2UNΩ+R
2Ω3 − Uϕ
R
+
3
4
R3Ω2Ω′ +RΩU ′N +RUNΩ
′ +
ψ′
4RΩ
− ψ
′Ω′
4Ω2
+
U ′u
4RΩ
+
U ′v
4RΩ
− Ω
′ U ′u
4Ω2
− Ω
′ U ′v
4Ω2
− 3U ′ϕ +
U ′′u
4Ω
+
ψ′′
4Ω
+
U ′′v
4Ω
−RU ′′ϕ −
H
2R
− H
′
2
}
+O(c−4) (27)
If we neglect the 1PN terms, these constants will coincide with two Oort constants A and B in the Newtonian gravity,
respectively.
We now return to our discussion on the linearized PN hydrodynamics. By using first order expansion for all quantities
as Σ˜∗ = Σ∗+Σ∗1, v˜R = vR+vR1 = vR1, v˜ϕ = vϕ+vϕ1, p˜ = p+p1, Π˜ = Π+Π1, U˜ = U+U1, Ψ˜ = ψ+Ψ1, U˜R = UR+UR1,
and U˜ϕ = Uϕ + Uϕ1 and keeping only the first order terms, we linearize Eqs. (8) and (9). The linearized form of Eq.
(8) is
∂ vR1
∂ t
+ Ωp
∂ vR1
∂ ϕ
− 2Ωp vϕ1 =− p
′
1
Σ∗
+
Σ∗1
Σ∗2
p′ + U ′1 +
1
c2
{
σp′1
Σ∗
+
(
RΩpvϕ1 + U1 +Π1 +
p1
Σ∗
− Σ
∗
1
Σ∗2
p
) p′
Σ∗
(28)
− Σ
∗
1 σ
Σ∗2
p′ +
(
R2Ω2p − 4U
)
U ′1 + (2RΩp vϕ1 − 4U1)U ′ + 4
∂ UR1
∂ t
− 4 vϕ1
R
(RUϕ)
′
− 4Ωp (RUϕ1)′ + 4Ωp ∂ UR1
∂ ϕ
+Ψ′1
}
+O(c−4)
and the perturbed form of ϕ components of the Euler equation (9) becomes
∂ vϕ1
∂ t
− 2Bp vR1 +Ωp ∂ vϕ1
∂ ϕ
= − 1
Σ∗R
∂ p1
∂ ϕ
+
1
R
∂ U1
∂ ϕ
+
1
c2
{
σ
RΣ∗
∂ p1
∂ ϕ
− RΩp
Σ∗
∂ p1
∂ t
+ (R2Ω2p − 4U)
1
R
∂ U1
∂ ϕ
(29)
−RΩp
(
3
∂ U1
∂ t
+ 4 vR1U
′ + 4Ωp
∂ U1
∂ ϕ
)
+ 4
∂ Uϕ1
∂ t
+
4vR1
R
(RUϕ)
′
+
1
R
∂Ψ1
∂ ϕ
}
+O(c−4)
where σ is defined as
σ =
1
2
R2Ω2p + U +Π+
p
Σ∗
(30)
Before linearizing the continuity equation let us apply the WKB or tight-winding approximation to Eqs. (28) and (29).
In this approximation, the surface density perturbation Σ∗1 can be considered as a radially propagating spiral wave.
More specifically, it can be written as Σ∗1 = Σ
∗
a exp(ikR+imϕ−iωt) for which |kR/m| ≫ 1 (Binney & Tremaine 2008).
For such a perturbation the spiral arms are tightly wound and the pitch angle is small. With this approximation,
one can find the local stability criterion independent of the physical properties of the background disk. Now, we use
this Fourier form for all first-order perturbations as Q1 = Qa exp(ikR + imϕ − iωt). However, we do not apply the
condition |kR/m| ≫ 1 until the next section. In this case Eq. (28) takes the following form
vRa (imΩp − iω) =2Ωpvϕa − i k
( pa
Σ∗
− Ua
)
+
Σ∗a
Σ∗2
p′ +
1
c2
{(
RΩpvϕa + Ua +Πa +
pa
Σ∗
− Σ
∗
a
Σ∗2
p− Σ
∗
aσ
Σ∗
) p′
Σ∗
(31)
− vϕa
R
(
4 (RUϕ)
′ − 2R2ΩpU ′
)
+ i k
(pa σ
Σ∗
− 4U Ua +R2Ω2p Ua − 4RΩp Uϕa +Ψa
)
− 4Ua U ′ − 4 i ω URa − 4Ωp Uϕa + 4 imΩpURa
}
+O(c−4)
8 Kazemi et al.
and Eq. (29) is displayed as follows
vϕa (imΩp − iω) =2BpvRa + im
R
(
Ua − pa
Σ∗
)
+
1
c2
{
4vRa
R
(
Uϕ +R
(
U ′ϕ −RΩpU ′
) )− iω(4Uϕa −RΩp( pa
Σ∗
+ 3Ua
))
+
im
R
(paσ
Σ∗
− 4UUa − 3R2Ω2pUa +Ψa
)}
+O(c−4) (32)
One may easily solve Eqs. (31) and (32) in order to find vϕa and vRa. To do so, we use Eqs. (12), (19), (21), (24),
and (27) and then expand the solutions up to order c−2. Although we do not need the exact form of the solutions, we
mention that both perturbations are proportional to ∆−1, where ∆ is given by
∆ = κ2 − (mΩ− ω)2 (33)
in which κ =
√
4Ω2 + 2RΩΩ′ is the Newtonian epicycle frequency. It is important to note that there is a singularity
in vϕa and vRa when ∆ = 0. This is the case also in the Newtonian system. In other words, there are some special
radii at which ω = mΩ ± κ. This is recognized as the Lindblad resonance condition in Newtonian gravity. In fact,
the response of the differentially rotating disk to a weak perturbation is very strong when the condition for the
Newtonian Lindblad resonance is established and also our analysis will not work in the vicinity of these radii. One
may expect that in the PN limit the PN epicycle frequency and angular frequency must appear in ω = mΩ±κ instead
of the Newtonian quantities. However, interestingly the PN corrections do not directly appear in the definition of
the singularity. Nevertheless, the singularity happens at different radii in a PN system compared with a Newtonian
system. In fact, as we will show, ω is a function of radius and is different in the Newtonian and PN systems. In other
words, the PN corrections are collected in ω.
We now linearize the continuity equation (6) as follows
∂Σ∗1
∂t
+
(RΣ∗vR1)
′
R
+
1
R
∂
∂ϕ
(Σ∗vϕ1 +RΩpΣ
∗
1) = 0 (34)
Applying the Fourier expansion and using the WKB approximation, this equation takes the following form
Σ∗a (mΩp − ω) + kΣ∗ vRa = 0 (35)
On the other hand, the linearized versions of the first law of thermodynamics and the EOS are given by
Πa =
p
Σ∗2
Σ∗a (36)
and
pa = c
∗2
s Σ
∗
a, c
∗2
s =
(
d p
dΣ∗
)
Σ∗
(37)
respectively. Where c∗s is the sound speed. Finally let us linearize the modified Poisson equations (13)-(16). One may
simply verify that
∇2U1 = −4 πGΣ∗1 δ(z) (38)
∇2X1 = 2U1 (39)
∇2ψ1 = −4πGδ(z)
{
Σ∗1
(
3
2
R2Ω2p − U +Π+
3p
Σ∗
)
+Σ∗
(
3RΩpvϕ1 − U1 +Π1 + 3 p1
Σ∗
− 3 p
Σ∗2
Σ∗1
)}
(40)
∇2UR1 − UR1
R2
− 2
R2
∂ Uϕ1
∂ ϕ
= −4πGΣ∗vR1δ(z) (41)
∇2Uϕ1 − Uϕ1
R2
+
2
R2
∂UR1
∂ϕ
= −4πGδ(z) (Σ∗vϕ1 +Σ∗1vϕ) (42)
Now we have linearized all the governing equations. In fact, Eqs. (31), (32), and (35)-(42) are the main equations
that we need to find the dispersion relation. In the next subsection, we find all the Fourier coefficients Qa and
the relevant dispersion relation. More specifically, we calculate all the PN potentials with respect to Σ∗a by solving
differential Eqs. (38)-(42).
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3.2. Post-Newtonian potentials of a tightly wound spiral pattern
In order to complete the set of equations that locally describe a self-gravitating and differentially rotating disk, let
us find the PN gravitational potentials in this subsection. As we mentioned before, to have an analytic expression for
the dispersion relation, we apply the WKB approximation. In this approximation, the density of the spiral pattern
is expressed as a radially propagating plane wave, i.e., Σ∗1 = Σ
∗
a exp(ikR + imϕ − iωt). In the following, we find the
corresponding gravitational potentials.
To solve Eq. (38), with no loss of generality, we assume that k = k ex. Where ex is the unit vector pointing along the
x-axis in the Cartesian coordinates. The solution U1 should satisfy ∇2U1 = 0 for z 6= 0, and U1 = Ua exp [i(kx− ωt)]
for z = 0. So we can write
U1 = Ua e
i (k x−ω t)−|k z| (43)
Using the Gauss’s theorem, one may easily verify that Ua and Σ
∗
a are related as (for more details see Binney & Tremaine
2008)
Ua =
2 πGΣ∗a
|k| (44)
To obtain X1 from Eq. (39), we differentiate this differential equation as
∇2 (∇2X1) = 2∇2U1 (45)
and after using Eq. (38), Eq. (45) can be rewritten as follows
∇2 (∇2X1) = −8πGΣ∗1δ(z) (46)
One may guess the solution to this equation as X1 = Xa exp [i (kx− ωt)] exp [− |k′z|]. In the following, by finding
k′ and Xa, we show that this guess leads to a unique solution. Outside of the razor-thin disk (z 6= 0), we have
∇2 (∇2X1) = 0. Substituting X1 into this equation we find that k′ = |k|. Now, we find the superpotential X1 on the
surface of the disk (z = 0). To do so, Let us integrate Eq. (46) with respect to z. The result is
lim
ζ→0
+ζ∫
−ζ
∇2 (∇2X1) dz = −8πGΣ∗1 (47)
where ζ is a positive constant, and to restrict this calculation to the plane z = 0, we let ζ → 0. This equation can be
written as
lim
ζ→0
+ζ∫
−ζ
(
∂4X1
∂x4
+
∂4X1
∂y4
+
∂4X1
∂z4
+ 2
∂4X1
∂x2∂y2
+ 2
∂4X1
∂x2∂z2
+ 2
∂4X1
∂y2∂z2
)
dz = −8πGΣ∗1 (48)
Using the suggested solution for X1, one can easily simplify the above equation. For example, the first term on the
R.H.S. can be written as
lim
ζ→0
+ζ∫
−ζ
(
∂4X1
∂x4
)
dz = k4Xae
i(kx−ωt) × lim
ζ→0
( 0∫
−ζ
ekzdz +
+ζ∫
0
e−kzdz
)
= 0 (49)
In fact, ∇2X1 does not satisfy the Laplace equation at z = 0 plane. Moreover it is easy to verify that there is a
discontinuity at z = 0. After some algebra, Eq. (48) reads
lim
ζ→0
{
2
∂3X1
∂x2∂z
+
∂3X1
∂ z3
}+ζ
−ζ
= −8πGΣ∗1 (50)
Finally, from this equation, we obtain
Xa = −4πGΣ
∗
a
|k|3 (51)
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Therefore, the final form of the perturbed superpotential X1 in the PN approximation is
X1 = −4πGΣ
∗
a
|k|3 e
i(kx−ωt)−|kz| (52)
This function is unique and satisfies all the relevant constraints. Now using the same procedure, we calculate ψ1 using
(40). So we assume ψ1 = ψa exp [i (kx− ωt)] exp [− |k′z|], and integrate (40) along the z-axis in order to find ψa with
respect to Σ∗a and vϕa. The result is
ψa =
2πG
|k|
{
Σ∗a
(
3
2
R2Ω2p − U +Π+
3p
Σ∗
)
+Σ∗
(
3RΩpvϕa − Ua +Πa + 3pa
Σ∗
− 3p
Σ∗2
Σ∗a
)}
(53)
It should be noted that pa, Πa, and Ua are also proportional to Σ
∗
a. On the other hand, by linearizing Eq. (2), we
immediately obtain Ψa with respect to ψa and Xa as Ψa = ψa − ω22 Xa.
Similarly one may solve Eqs. (41) and (42) for URa and Uϕa and find the following solutions respectively
URa =
2πGΣ∗
|k| vRa, Uϕa =
2πG
|k| (Σ
∗vϕa +RΩpΣ
∗
a) (54)
We have used the WKB approximation to ignore the contribution of the terms proportional to R−2 on the L.H.S. of
(41) and (42). It is clear that if we find vϕa and vRa with respect to Σ
∗
a, then all the coefficients Qa will be proportional
to Σ∗a. We do this in the next subsection.
3.3. Dispersion relation for WKB density waves in the post-Newtonian approximation
In this subsection, we introduce the PN dispersion relation for tightly wound spiral density waves that propagate
on the surface of self-gravitating and differentially rotating fluid disks. As mentioned earlier, to investigate the local
stability of a differentially rotating disk analytically, we have to use the WKB approximation. To find the dispersion
relation, we substitute Πa, pa, Ua, URa, Uϕa, and Ψa, obtained in subsections 3.1 and 3.2, into Eqs. (31) and (32).
In this case, one can straightforwardly find vRa and vϕa with respect to Σ
∗
a. Since the related calculations are simple
and the final expressions are too long, we do not write the exact form of vRa and vϕa. Finally, substituting vRa into
Eq. (35), we find the dispersion relation as follows
ω4
(
A4 +
B4
c2
)
+ ω3
(
A3 +
B3
c2
)
+ ω2
(
A2 +
B2
c2
)
+ ω
(
A1 +
B1
c2
)
+A0 +
B0
c2
= 0 (55)
in which Ai and Bi are functions of background variables and wavenumber k. In Appendix A we present the exact
form of these functions. In fact, this quartic equation is the dispersion relation for density waves propagating on the
surface of a PN fluid disk. We recall that the corresponding relation is a quadratic equation in the Newtonian limit.
On the other hand, to find ω2 (k), our first task is to solve Eq. (55) and obtain ω2. Naturally, there are four
solutions for ω and only two of them recover the Newtonian dispersion relation when we turn off the PN corrections.
Unfortunately, these solutions are too long to be written here. However, the Newtonian part of the solutions is listed
in Appendix A.
It should be mentioned that even in the Newtonian case, the local stability of the system against non-axisymmetric
perturbations is complicated, for example, see Julian & Toomre (1966) where it has been claimed that the system
is stable against m 6= 0 perturbations. However, feedback between trailing and leading WKB density waves may
cause unstable non-axisymmetric perturbations. In fact, the so-called Toomre’s criterion is obtained for axisymmetric
perturbations and there is no analytic criterion for non-axisymmetric perturbations in Newtonian gravity. Naturally, in
the PN limit, the situation is much more complicated. Therefore in the following, we restrict ourselves to axisymmetric
perturbations and set m = 0 in Eq. (55). After solving this equation, in which m = 0, and again applying the WKB
approximation, and also ignoring the terms of order c−4 and higher, we find the frequency of the density waves with
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respect to k and background variables. In this case, we obtain
ω2 =k2c∗2s − 2πGΣ∗|k|+ κ2 −
1
c2
{
k2c∗2s
(
p
Σ∗
+Π+
R2Ω2
2
+ UN
)
+ 2R2Ω2κ2 + 2πGΣ∗|k|
( p
Σ∗
+Π− 3
2
R2Ω2
− 5UN
)
− 2R2Ω4 + 3ψ
′
R
+
4ΩUϕ
R
+ 4κ2UN − 4ΩU ′ϕ +
3
R
(U ′u + U
′
v)−RU ′N
(
κ2 + 4Ω2
)− H
RΩ
(
κ2 + 2Ω2
)
− 2ΩH ′ + U ′′u + U ′′v + ψ′′ − 4RΩU ′′ϕ
}
(56)
This is the PN dispersion relation for axisymmetric disturbances in the WKB approximation. As expected it depends
on the properties of the background disk (e.g., PN potentials, Σ∗, c∗s , etc.). In fact, this is the key equation that allows
us to study the behavior of excited disturbances in the fluid disks in the context of PN theory. In order to abbreviate
this equation, we follow Nazari et al. (2017), and define the following parameters
c2sp = (1− α) c∗2s , Gp = (1 + β)G (57)
in which
α =
1
c2
(
p
Σ∗
+Π+
1
2
R2Ω2 + UN
)
, β =
1
c2
(
p
Σ∗
+Π− 3
2
R2Ω2 − 5UN
)
(58)
In fact, csp is an effective sound speed and Gp is an effective gravitational constant. If we neglect terms of order
c−2 in the above definitions, we immediately retrieve the Newtonian versions of them (i.e., c2sp ≃ c2s and Gp ≃ G).
Furthermore, we define κp as κ
2
p = κ
2 + γc, where κ is the Newtonian epicycle frequency and γc is given by
γc =
1
c2
{
2R2Ω4 − 2R2Ω2κ2 − 3
R
(ψ′ + U ′u + U
′
v)− 4κ2UN +RU ′N
(
κ2 + 4Ω2
)
+
H
RΩ
(
κ2 + 2Ω2
)
+ 2ΩH ′ (59)
+ 4Ω
(
RU ′′ϕ + U
′
ϕ −
Uϕ
R
)
− U ′′u − U ′′v − ψ′′
}
Finally, with these new parameters, we rewrite Eq. (56) in a simple and compact form
ω2 = k2c2sp − 2πGpΣ∗|k|+ κ2p (60)
which although is reminiscent of the corresponding dispersion relation in Newtonian gravity, includes the first PN
relativistic corrections. We can say that, this equation is the most important expression in this paper. As expected,
by ignoring the PN corrections, one can easily find the Newtonian dispersion relation as
ω2 = k2 c2s − 2πGΣ |k|+ κ2 (61)
In the next section, we find the stability criterion using Eq. (60), and investigate the effects of the PN contributions.
In the absence of rotation, and for an infinite medium, one can simply decide about the stabilizing or destabilizing
effects of PN corrections, for more details see Nazari et al. (2017). However, here the situation is complicated, and
as we shall see without determining the background properties, it is not possible to specify the contribution of PN
corrections on the stability of the system. In other words, these effects depend on the background system. We clarify
this point in the next section.
4. TOOMRE’S CRITERION IN THE PN LIMIT
In this section, we will find a criterion for stability of a differentially rotating, gaseous disk in PN gravity. Note that
all the corrections and quantities on the R.H.S. of Eq. (60) are real. Consequently ω2 is a real quantity. Hence the
disk is unstable against perturbation with wavenumber k if ω2 < 0 and stable if ω2 > 0. In general, since the R.H.S.
of Eq. (60) is a quadratic equation for k, and the coefficient of k2 is positive. In this case the minimum of ω2 occurs
at ks. Therefore if ω
2 is positive for this wavenumber, it will be positive for all other modes. In this case, the gaseous
disk will be stable against all local axisymmetric disturbances. In other words, ks is the most probable mode that may
develop an instability in the system.
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By differentiating the R.H.S. of Eq. (60), we find ks as follows
ks =
πGpΣ
∗ sign(k)
c2sp
(62)
If the R.H.S. of Eq. (60) for this wavenumber is positive, then the system will be stable against axisymmetric
perturbations. Therefore, one may simply write the PN Toomre’s criterion as
Qp =
κp csp
πGp Σ∗
> 1 (63)
As it is clear, we have defined the PN parameters in such a way that the PN Toomre’s criterion is mathematically
similar to the standard case. We recall that the standard Toomre stability criterion is written as Q > 1, where
Q = κ cspiGΣ . In order to make a comparison between Newtonian and PN limits, it is instructive to write Eq. (63) with
respect to Q instead of Qp. To do so, let us fix the EOS. Indeed, we should find the relation between c
∗
s and the
Newtonian sound speed cs. Here we assume that the EOS of the disk is polytropic as p = KΣ
∗γ , where K and γ are
constant real parameters. Hence, using the definition of sound speed and Eq. (12), we immediately obtain
c∗2s = c
2
s
[
1 +
γ − 1
c2
(
R2Ω2
2
+ 3UN
)]
(64)
also one can easily show that the PN correction to the pressure defined in Eq. (21) is written as
pc = KγΣ
γ
(
R2Ω2
2
+ 3UN
)
(65)
Now by substituting the effective quantities κp, csp, Gp, and Σ
∗ into Eq. (63), and expanding the result up to order
c−2, we can write Eq. (63) in terms of Q as
Q >1 +
(4πGκRΣ2)−1
c2
(
p
(
8Rcs(κ
2 − Ω2)− 4R2Ω csΩ′
)
+Π(8πGκRΣ2 − 4R2ΣΩcsΩ′ − 8RΣΩ2cs)Σ (66)
−H (4R2ΣcsΩ′ + 12RΣΩcs)+ UN (8πGκRΣ2 − 6πγGκRΣ2)+ 2R2ΣU ′N (πGκΣ− 4RΩcsΩ′ − 12Ω2cs)
+ 8ΣΩcsUϕ − 8RΣΩcsU ′ϕ − 8R2ΣΩcsU ′′ϕ + 6Σcsψ′ + 2RΣcsψ′′ + 6ΣcsU ′u + 2RΣcsU ′′u + 6ΣcsU ′v
+ 2RΣcsU
′′
v − 4R3ΣΩ4cs − π(γ − 2)GκR3Σ2Ω2 − 4R2ΩcsH ′
)
The terms proportional to order c−2 on the R.H.S. of Eq. (66) are the PN corrections to the standard Toomre’s
criterion. Consequently, the stability analysis can be influenced by these PN corrections. We emphasize that Eqs.
(60) and (66) are the main result of this paper. Notice that the PN Toomre’s criterion is fundamentally nonlocal in
the sense that it depends on integrals across the entire disk via functions like U , ψ and so on. Albeit, this happens
also in the standard case where one needs to calculate the epicycle frequency κ. More specifically to calculate κ, it is
necessary to find the potential U . However, this nonlocality is much more evident in the PN limit.
It is interesting to determine the role of all physical quantities like the pressure, internal energy and angular mo-
mentum on the stability of the system. In our recent work (Nazari et al. 2017), we indicated that, in an infinite and
non-rotating medium, the pressure and internal energy can make the system more unstable in the PN approximation.
In other words, although in the Newtonian system pressure supports the stability, in the PN limit has destabilizing
effects. One may note that the terms which contribute a negative value to the R.H.S. of Eq. (66) will stabilize the
system. However in the rotating systems studied here, unfortunately, it is not straightforward to specify the sign of
all the terms. In practice, to investigate the role of each term in the local stability of the system, we first need to
determine the surface mass density profile, Σ, of the disk. In other words, it is not simple to make a general analysis
to determine the stabilizing/destabilizing behavior of all the terms. For example, the potential ψ contains the pressure
as well as the internal energy. Therefore, without taking into account the contributions of pN and Π in ψ, it is not
possible to determine their role.
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5. EXPONENTIAL FLUID DISK IN THE PN APPROXIMATION
In the following, let us choose a toy model for the disk in order to clarify the effect of the physical quantities on
the local stability of the system. As we know, the exponential profile of the surface mass density is widely used to
describe galactic disks in astrophysics (Lin & Pringle 1987; Silk & Norman 1981; Leroy et al. 2008). By considering
this specific surface-density profile, in principle, one can calculate each term in the PN Toomre’s criterion. Hereafter
we choose an exponential disk as follows
Σ(y) = Σ0 e
−2y (67)
where the dimensionless parameter y is defined as y = R2Rd , R is the radial coordinate in the cylindrical coordinates
system, Rd is the disk’s length scale, and Σ0 is the central surface density.
Now, let us calculate all the terms on the R.H.S. of Eq. (66) by using the above-mentioned surface density. One
can easily derive the Newtonian potential of an axisymmetric exponential disk at the equatorial plane z = 0, for more
detail see Binney & Tremaine (2008). This potential is
UN(y, 0) = 2πGΣ0Rd y [I0(y)K1(y)− I1(y)K0(y)] (68)
where In and Kn for n = 0, 1 are modified Bessel functions of the first and second kinds respectively. Consequently,
after inserting this equation into Eq. (23), we have
Ω2(y) = −KγΣ
−1+γ
0 e
−2y(γ−1)
2R2dy
+
πGΣ0
Rd
[I0(y)K0(y)− I1(y)K1(y)] (69)
One should note that the first term on the R.H.S of Eq. (69) comes from the pressure gradient. As we will discuss
in this section, this term can be ignored in ordinary non-relativistic systems like spiral galaxies. To find the PN
contributions of the gravitational potential U , i.e., Uu and Uv, we insert Eqs. (67), (68), and (69) into Eq. (20). Then
we solve these two integrals numerically. Note that some integrations in Eq. (3) should be done numerically. For
example, the terms containing UN and Ω in ψ lead to numerical integrations. Moreover, the last equation for Uϕ is
solved numerically too.
After calculating all the PN corrections on the R.H.S. of Eq. (66), we find a complicated equation in terms of y.
This equation includes some numeric and analytic parts. Therefore we do not write this long equation here. However,
in order to discuss the result more clearly, we define two helpful dimensionless parameters η and µ, using combinations
of c, G, Rd, Σ0, and K. These parameters are
η =
GRdΣ0
c2
(70)
and
µ =
KΣγ−10
c2
(71)
Let us explicitly clarify how these parameters help to describe the stability of the system. In fact, the standard
Toomre’s criterion, i.e., Q = csκpiGΣ > 1, is conveniently interpreted as a competition between stabilizing effects of
pressure (cs) and angular momentum (κ) against destabilizing effects of gravity (GΣ). Using our toy model, one can
easily show
c2s
c2
= µγe−2y(γ−1) (72)
As we see, µ is a representative of the fluid pressure. Note that, for some cases of interest in the Newtonian context,
like galaxy-scale gas disks, the sound speed cs is much smaller than the rotational speed Binney & Tremaine (2008).
One should note that this is not true in all Newtonian disks. For example, Newtonian accretion disks, like Advection
Dominated Accretion Flows (ADAFs) (Narayan & Yi 1994), can have cs ≃ vϕ. Therefore for systems with cs ≪ vϕ,
the angular velocity for this case reads
vϕ ≃
√
−RdU
dR
(73)
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Figure 1. The dimensionless circular speed with respect to dimensionless radius (y = R/2Rd) for an adiabatic exponential
fluid disk with γ = 5/3. The solid (dashed) curves belong to the Newtonian (PN) case. Here µ is fixed, and given by µ = 0.01.
The curves from top to bottom belong to η = 0.05, η = 0.03, and η = 0.02 respectively. The points at the beginning of the PN
curves indicate radii after which the PN approximation is valid.
and consequently, the first term vanishes in (69). However, in this paper, we deal with weakly relativistic systems.
Therefore the pressure contributions cannot be ignored in the calculations.
In order to find an interpretation for η, we use Eq. (23) to show that κ ∝ √(Fg + Fp)/R where Fg and Fp denote
respectively the gravitational force per unit mass, and the pressure force per unit mass. Therefore one may consider κ
as a function related to gravity and pressure. From this perspective, one may write Toomre’s parameter as Q = cs/cg
where cg = πGΣ/κ. Now for our toy model in which the pressure gradient has been ignored, i.e., |Fp/Fg| ≪ 1, one
can show
c2g
c2
=
πη
2
e−4y
[(
2I0(y) + yI1(y)
)
K0(y)−
(
yI0(y) + I1(y)
)
K1(y)
]−1
(74)
In this special case, where we have ignored Fp compared with Fg, we can describe Toomre’s criterion, i.e., Q ∝
√
µ/η,
only as a competition between pressure and gravity. We emphasize that the pressure gradient’s contribution to Ω,
i.e., the first term on the R.H.S of Eq. (69), is ignored. Notice that this does not mean that the fluid pressure is
totally ignored. In fact its effect is still present in cs. In this specific case, κ is only related to gravity. So, η and µ can
be simply regarded as parameters related to the strength of gravity and pressure respectively. However, it should be
stressed that when the pressure gradient is important, as we will see in the subsequent sections, we we cannot consider
κ as a function only of gravitational strength. In this case, it is more accurate to consider it as a function of Fp and
Fg. Consequently, we lose the clear interpretation of the parameter η as a representative of gravity. Therefore one
needs to be careful when interpreting the stability criterion using these parameters. Nonetheless, it is still helpful to
use them, to simplify the analysis.
Now, for our toy model by taking into account the pressure gradient, the Newtonian Toomre’s parameter reads
Q =
√
γe−y(γ−3)√
2π
[e−2y(γ−1)(−3 + 2y(γ − 1))γ
y
µ2
η2
+ 4π
µ
η
(
(2I0(y) + yI1(y))K0(y)− (yI0(y) + I1(y))K1(y)
)]1/2
(75)
From this expression we infer that in the Newtonian limit and for y > 3/2(γ − 1), increasing η helps the instability
and increasing µ supports the stability. Albeit one should note that only the ratio µ/η is important. In other words,
increasing µ/η will stabilize the disk. However, the situation is more complicated in the PN limit, and as we will show
in what follows, it is not straightforward to guess the effects of these parameters on the stability of the system. In fact,
in this limit, the R.H.S. of stability criterion (66) is a function of η and µ as well. Moreover, η and µ do not appear
as the ratio µ/η on the R.H.S. This is the origin of complexity in interpreting the role of the stability parameters.
On the other hand, one may impose some restrictions on the magnitude of the parameters η and µ. As we know,
PN theory is limited to the relatively slow motions as well as weak gravitational fields. More specifically, in the PN
limit, we have
UN
c2
,
v2ϕ
c2
,
c2s
c2
,
Π
c2
, and
pN
Σc2
≪ 1 (76)
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If we assume that these fractions cannot be larger than 0.1, then using Eq. (68), we can rewrite the condition
UN/c
2 < 0.1 as follows
η <
0.1
2πy
[I0(y)K1(y)− I1(y)K0(y)]−1 (77)
In fact, by using this condition, we find a maximum value for η at each radius to ensure that PN theory is valid.
Similarly, to obtain constraints on µ, we also rewrite the conditions c2s/c
2 < 0.1, Π/c2 < 0.1, and p/Σc2 < 0.1 as
follows
µ < 0.1min(γ−1, (γ − 1) , 1) e2y(γ−1) (78)
It turns out that for the cases studied in this paper, the constraint on µ which comes from c2s/c
2 < 0.1 is the most
restrictive one. Moreover, considering v2ϕ/c
2 < 0.1, one can find a relation between η and µ as follows
2y
(
2πηy
(
I0(y)K0(y)− I1(y)K1(y)
)− γµ e2y(1−γ)) < 0.1 (79)
On the other hand, the existence of the pressure gradient which appears with a negative sign in the calculations
may, in principle, yield to imaginary quantities. Therefore we still need extra constraints on η and µ to control
this possibility. More specifically, one can find two more constraints, assuming the fact that vϕ and κ must be real
quantities. Regarding Eq. (23) and the definition of epicyclic frequency, and also using Eq. (69), we find two more
independent constraints
2πηy
(
I0(y)K0(y)− I1(y)K1(y)
)− γ µ e2y(1−γ) > 0 (80)
and
γ µ e−2(γ−1)y(2(γ − 1)y − 3) + 4πηy
((
2I0(y) + yI1(y)
)
K0(y)−
(
yI0(y) + I1(y)
)
K1(y)
)
> 0 (81)
To summarize, we have found five conditions (77)-(81) which are necessary to ensure that results are reliable and the
PN regime characteristics have been taken into account. Naturally, for given values of η and µ, there is a specific
radius y∗ where for y < y∗ the PN conditions are not satisfied. In other words, we need higher PN corrections for this
region. It is instructive to illustrate this fact by plotting the circular velocity of the exponential disk in PN gravity.
As seen from Eq. (22), the contributions of PN potentials change the Newtonian circular speed. Now we compare the
Newtonian circular velocity with the PN circular velocity. In Fig. 1, we plot dimensionless circular velocity defined as
vϕ/c for µ = 0.01 and different values of η. In this figure, for each value of η, the curve is drawn from the threshold
radius after which the PN approximation is valid, and accordingly the forbidden region is omitted. One can see that,
as expected, the threshold radius gets larger with increasing η. Moreover, this figure shows that for a fixed radius,
increasing η yields larger dimensionless circular velocity. Furthermore, the difference between Newtonian and PN
curves increases by η. Regarding this case as an example, one can see how these dimensionless parameters can identify
the PN reliable area.
5.1. Local stability of the relativistic exponential disk in the PN limit
Now let us return to our main aim in this paper. After calculating the PN corrections on the R.H.S. of Eq. (66)
and using the dimensionless quantities y, η and µ, one can rewrite Eq. (66) as follows
Q(y, µ, η) > 1 + C(y, η, µ) (82)
where C(y, η, µ) is the combination of all PN corrections to the R.H.S. of Toomre’s criterion. As mentioned before,
the final relation is long and complicated. Therefore we present some figures to reveal the main features in Eq. 82.
Now let us explain the role of each parameter on the stability of the PN system. To distinguish the effects of η (µ),
we we vary it while keeping the other parameter, i.e., µ (η), constant. For the sake of completeness, we first briefly
review the Newtonian Toomre’s criterion for our exponential disk. Fig. 2 shows Toomre’s parameter Q in terms of y,
for various values of η and µ. In this case, one may assume that the pressure gradient is negligible. The left (right)
panel is plotted for a constant η (µ) and different values of µ (η). The left panel shows that by increasing µ, as
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Figure 2. This figure shows the quantity Q, when the pressure gradient is ignored, in terms of y = R/2Rd for various values
of the parameters. The left panel is plotted for a fixed η (= 0.015) and from up to down µ = 0.008, µ = 0.003, and µ = 0.001
respectively. The right panel belongs to µ = 0.001, and from up to down η = 0.002, η = 0.007, and η = 0.030 respectively.
expected the system becomes more stable. Similarly, the right panel confirms that η has destabilizing effects. So, it
seems that these parameters are helpful to study the local stability of the system.
Here we return to the PN Toomre’s criterion (66). Using Fig. 3, we can practically study the PN system and
compare it with the Newtonian case. Note that, in this figure, in addition to the mentioned conditions (77)-(81) a new
constraint is included. In fact, the magnitude of C(y, η, µ), the correction terms appeared on the R.H.S of Eq. (82),
should be smaller than unity. The region in the parameter space (η, µ) in which all these constraints are established,
is denoted as a black solid curve. One can see the PN Toomre’s criterion in terms of the stability parameters η and µ,
in the left panel of each row in Fig. 3. In practice, we rewrite Eq. (82) as Q/ (1 + C(y, η, µ)) > 1 to study the roles of
the parameters more clearly. In this case the PN system will be stable if Q/ (1 + C(y, η, µ)) be larger than unity. For
comparison, the middle panels show the standard Toomre’s parameter for different values of η and µ. Moreover, the
right panels show the correction term C(y, η, µ) introduced in PN Toomre’s criterion. The sign of this term and its
magnitude directly specify the deviations between Newtonian and PN descriptions. In other words, if C < 0 (C > 0),
then the system is more stable (unstable) in the PN description compared to the Newtonian analysis.
From the middle panel of the first row, one can see that increasing µ unexpectedly destabilizes the Newtonian
system at small radii. In fact, using Eq. (75) one can simply show that the first term is negative for small radii
y < 3/2(γ − 1). This directly means that the pressure becomes important at small radii, and can reduce the effect
of the angular momentum in the system. Consequently, we have smaller rotational velocity and κ, i.e., larger cg,
compared with a similar disk in which the pressure gradient is ignored. Therefore, in the Newtonian description,
increasing the pressure parameter µ destabilizes the inner radii, in contrary to what might be expected from the usual
sense about the stabilizing effects of the pressure. It turns out that this behavior also exists in the PN analysis. This
point is not very clear in Fig. 3, however, we will discuss it in Fig. 6. It should be noted that considering the necessary
restrictions on the magnitude of the parameters, the unexpected behavior is seen in a small region.
It is important to mention that the unexpected behavior of the pressure has also been seen in the local gravitational
instability in PN non-rotating systems (Nazari et al. 2017). In this case, the gravitational effects of the relativistic
pressure can strengthen the gravitational force, and in principle supports the instability. For a detailed description of
this point, we refer the reader to Nazari et al. (2017).
For larger radii, considering the two left panels at each row, one can see that increasing µ leads to stability in both
Newtonian and PN limits. The response of the system to changes in η is more straightforward in both descriptions.
More specifically, increasing this parameter destabilizes the system in all radii. However, since we have to illustrate
the whole allowed parameter space in Fig. 3, the destabilizing effect of η is not very clear (except in the left panel of
the first row). We illustrate the behavior of η in a zoomed plot in Fig. 4. One may conclude from Fig. 3 that, in
the allowed range of the parameters, Q and Q/(1 + C(y, η, µ)) are increasing functions with respect to R. In fact, as
expected, moving to the edge of the disk, the system will become more stable. Furthermore, regarding the right panels
of Fig. 3, one can compare the stability of the disk in the context of Newtonian and PN regimes. It is clear that the
correction term C is negative for all cases. This means that the system is more stable in the PN viewpoint compared
to the Newtonian one. This is one of our main results in this paper. Also, the difference between two theories gets
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Figure 3. In this figure, at each row (where devoted to a fixed y), from left to right the panels show Q/ (1 + C(y, η, µ)), Q, and
C(y, η, µ) respectively (in terms of η and µ). Furthermore, in each column, form up to down, panels belong to y = 0.5, y = 2,
y = 3, y = 4, and y = 5 respectively. The black (solid) curves show the region where all the mentioned constraints are established.
Also, the dashed curves in the first (second) column show the PN (Newtonian) unstable area ( i.e., Q/ (1 + C(y, η, µ)) < 1 and
Q < 1).
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Figure 4. The PN Toomre’s criterion at y = 2. It is clear that increasing the parameter η (µ) makes the system more unstable
(stable).
insignificant for the small values of both parameters. Furthermore one can see that the disk can be unstable at all
radii, for small values of µ in both Newtonian and PN limits.
It is interesting that the PN effects stabilize our rotating exponential thin disk, while these relativistic effects decrease
the Jeans mass in a non-rotating infinite medium (Nazari et al. 2017) and consequently, destabilize it. Albeit it must
be noted that one cannot conclude that PN effects stabilize all rotating systems. As we mentioned before, deciding
about this behavior is not straightforward and one has to fix the background system. Therefore, in principle, the
outcome of the stability analysis would not be the same in different systems.
5.2. Growth rates in PN approximation
Let us compare the growth rate of the perturbation in both regimes using the parameters η and µ. For unstable
modes, ω2 < 0 and it is convenient to define a dimensionless growth rate s = i ω/κ. Also, a dimensionless wavenumber
can be defined as q = kcs/κ. Using these parameters and inserting Eqs. (12) and (64) into Eq. (56) we find
s2 =
2q
Q
− q2 − 1 + 1
c2
{ q
Q
(
2Π− 4UN + 2p
Σ
− 2R2Ω2
)
+ q2
(
(4− 3γ)UN + p
Σ
+Π− 1
2
(γ − 2)R2Ω2
)
(83)
− 2RΩH
′
κ2
−H
(2Ω
κ2
+
1
Ω
)
−
(4RΩ2
κ2
+R
)
U ′N + 4UN + 2R
2Ω2 +
1
κ2
(
− 2R2Ω4 + U ′′u + U ′′v +
3U ′u
R
+
3U ′v
R
− 4RΩU ′′ϕ − 4ΩU ′ϕ +
4ΩUϕ
R
+ ψ′′ +
3ψ′
R
)}
As we have already mentioned for an exponential disk given by Eq. (67), we can calculate all the terms in the above
equation. It is natural that η and µ appear in the result. Therefore using Eq. (83) for given values of y, η, and µ, we
can plot s2 with respect to q, and investigate the response of the system to unstable modes.
It is important to note that Eq. (83), in general, is not applicable for all wavenumbers. In fact, some wavenumbers
may violate the necessary conditions on the PN corrections. Therefore, one can find the relevant constraint on q by
taking into account that the magnitude of the PN correction terms, in principle, should be smaller than the Newtonian
terms. This limitation has also been exploited in Nazari et al. (2017). Fig. 5 shows the growth rate of unstable modes
for allowed values of η and µ at different radii in Newtonian and PN limits. To find the overall effect of µ on the
local stability of the system, we keep η fixed in the left panel of Fig. 5 and change µ. On the other hand, similarly,
in the right panel, we keep µ constant and vary η. Furthermore, for the sake of completeness, we do this analysis at
two different radii y = 1 and y = 2. In both panels of Fig. 5, the dashed (solid) curves belong to PN (Newtonian)
description. The darker (lighter) curves belong to y = 2 ( y = 1). The left panel in Fig. 5 shows that the growth rate
decreases by increasing µ, at the fixed radius and η (= 0.015), in both Newtonian and PN gravities. Moreover, the
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Figure 5. The squared dimensionless growth rate with respect to the dimensionless wavenumber q = kcs/κ for an adiabatic
fluid with γ = 5/3. The dashed (solid) curves belong to the PN (Newtonian) case. The left panel shows the growth rate for
η = 0.015. From up to down, for each radius, dashed/solid curves correspond to µ = 5× 10−4 and µ = 10−3. The right panel
shows the growth rate for µ = 10−4. From up to down, for each radius, dashed/solid curves correspond to η = 7 × 10−3 and
η = 3× 10−3.
instability interval shortens. This result is not surprising in the sense that µ is the representative of the pressure in
the system and as seen in Fig. 2, increasing this parameter supports the stability of the system.
Before moving on to discuss the right panel in Fig. 5, let us consider the restrictions on the wavenumber q. As we
have already mentioned, the PN correction terms must be smaller than the Newtonian terms. So Eq. (83) is limited
and does not include all wavelengths of perturbations. We find the relevant conditions on q and discard the forbidden
wavenumbers. Considering the dashed curves in the left panel of Fig. 5, allowed ranges of q from up to down are
0.168 < q < 5.046, 0.207 < q < 4.348, 0.242 < q < 3.472, and 0.307 < q < 2.918 respectively.
In the right panel of Fig. 5 µ is fixed, e.g., µ = 10−4. By increasing η, not only the growth rate increases but
also the instability interval gets larger. This result is expected since, as already discussed in Fig. 3, larger η means
more instability and naturally higher growth rate. This result is also in agreement with Fig. 2. Regarding the dashed
curves, the allowed ranges of dimensionless wavenumber in this panel, from up to down, are 0.108 < q < 8.670,
0.132 < q < 7.221, 0.165 < q < 5.887, and 0.207 < q < 4.745 respectively. Therefore for both panels, except a small
interval, the PN approximation holds for most of the instability region.
So far, we have shown that for both Newtonian and PN limits, µ and η, in general, have stabilizing and destabilizing
effects respectively. However, we have not yet compared growth rates in Newtonian and PN limits with each other. It
is clear from both panels of Fig. 5 that, at the same radius and with the same η and µ, the instability interval is wider
and includes smaller wavelengths in the Newtonian case. In the Newtonian picture, the growth rates also are larger.
Therefore, one may conclude that the system is more stable in the PN limit. Moreover, both panels of Fig. 5 shows
that the difference between the growth rate of Newtonian and PN systems is significant at inner radii and for shorter
wavelengths. Also, for a fixed η and µ, the growth rate decreases with radius.
5.3. Boundary of stability in (Qs,Λ) plane
Finally, it is interesting to determine the boundary of the local gravitational stability of the two-dimensional self-
gravitating gaseous disk in the PN context. We recall that the boundary of stable and unstable perturbations can be
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Figure 6. The scaled boundary of stable and unstable axisymmetric disturbances in a fluid disk with γ = 5/3 in the New-
tonian(dashed) and PN (solid) limits. The horizontal axes show the dimensionless wavelength Λ = λ/λcrit. The left and the
middle panels show the behavior of the system in a fixed η ( = 0.002). The left (middle) panel shows y = 0.5 (y = 2). The right
panel belongs to µ = 0.005 and y = 2. The red dashed line shows Qs = 1.
found by setting ω = 0 in Eq. (60). So we have
π2G2pΣ
∗2
κ4p
Q2pk
2 − 2πGpΣ
∗
κ2p
|k|+ 1 = 0 (84)
By substituting the effective quantities κp, Gp, Σ
∗, and Qp into Eq. (84), we can solve this equation in terms of Q.
After expanding the solution up to c−2 terms, we obtain
Q =
√
4Λ− 4Λ2 + Λ
c2κ2RΣΩ
√
4Λ− 4Λ2
{
4κ2pRΩ− 6γκ2RΣΩUN + 4κ2RΣΩUN − γκ2R3ΣΩ3 + 4κ2ΠRΣΩ
+ Λ
(
(γ + 2)κ2R3ΣΩ3 − 2Hκ2RΣ− 2κ2pRΩ− 2κ2ΠRΣΩ− 4RΣΩ2 (RH ′ +H)− 4R3ΣΩ5 + 6γκ2RΣΩUN
+ 2ΣΩ
(
R
(−R (κ2 + 4Ω2)U ′N + U ′′u + U ′′v − 4Ω (RU ′′ϕ + U ′ϕ)+ ψ′′)+ 4ΩUϕ + 3(U ′u + U ′v + ψ′)
))}
(85)
where Λ is a dimensionless wavelength defined as Λ = λ/λcrit in which λcrit is the largest unstable wavelength that
propagates on the surface of the rotating disk with zero sound speed in Newtonian gravity, i.e., λcrit = 4π
2GΣ/κ2
(Binney & Tremaine 2008). As expected, this equation coincides with the boundary of stable and unstable modes in
Newtonian gravity by ignoring the PN correction terms. It is easy to show that Λ < 1. In fact, the line of the stability
in the Newtonian approach can be defined as k2c2s − 2πGΣ|k| + κ2 = 0. One can rewrite this equation in terms of
wavelength and solve it for λ. If we expand the result as a series of cs, we have
4π2GΣ
κ2
− c
2
s
GΣ
+O
(
c4s
)
(86)
It is clear that when cs vanishes, we will have λ = λcrit. Naturally, we find smaller wavelength for the case of non zero
sound speed. So we can see λ/λcrit < 1. For the PN approach, we deal with some small corrections, but the main
point will be true. Therefore, we do not worry about radicals in Eq. (85). By rewriting Eq. (85) as Q = F (Λ, y, η, µ),
one can define Qs as
Qs =
Q
F (Λ, y, η, µ) (87)
Note that the Newtonian Qs can be found by turning off the c
−2 terms in Eq. (87). It is worth mentioning that,
although it is convenient to plot the boundary in the (Q, Λ) plane, tracking the footprints of the PN parameters would
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Table 1. Characteristics of various models of HMNS
Model Rd [km] Σ0
[
1022
]
K
[
10−8
]
η µ
GNH3-M125 4.105 4.8 1.40 0.146 0.007
GNH3-M135 3.432 7.3 1.98 0.187 0.016
H4-M125 4.897 3.4 0.97 0.125 0.004
H4-M135 3.639 6.5 1.80 0.176 0.012
ALF2-M125 4.726 3.7 1.00 0.129 0.004
ALF2-M135 2.680 10.2 3.24 0.238 0.043
SLy-M125 2.847 9.8 2.88 0.207 0.031
SLy-M135 2.911 10.2 2.75 0.219 0.031
APR4-M125 3.078 8.4 2.46 0.192 0.023
APR4-M135 3.417 7.4 2.00 0.187 0.016
Note—The stability parameters η and µ for five different HMNS numeric models in Hanauske et al. (2017). Each model has
simulated for two different cases: high mass (M = 1.35M⊙) and low mass (M = 1.25M⊙) binaries. Note that the units of Σ0
and K are kgm−2 and m3kg−1s−2 respectively.
be much easier in the (Qs, Λ) plane for our case. Now, the question is how can these parameters influence the boundary
of stable and unstable axisymmetric disturbances in a fluid disk? Is it possible to infer the unexpected behavior of µ
parameter from the changes in the boundary of stability in (Qs, Λ) plane? To answer these questions, one can use Fig.
6. The left panel in this figure shows that, at a small radius, increasing µ will make the system more unstable in both
Newtonian and PN limits. So the unexpected behavior of this parameter, which was mentioned before, is obvious here
too. On the other hand, the middle panel shows that the behavior of µ coincides with what is expected at a usual
radius and increasing it leads to more stability in both viewpoints. In the right panel, one can see the destabilizing
effect of η. This panel shows that the system moves to be more unstable by increasing this parameter. Here, it is easy
to check that in agreement with the results of Fig. 3, the PN system is more stable than the Newtonian case. One
can see in all panels of Fig. 6 that, for each pair of parameters, Qs is bigger in the context of PN gravity compared
to the Newtonian one.
As a final remark in this section, it should be noted that considering the conditions (77) to (81), we have used
the allowed values of the parameters here. However, imposing a constraint on the PN correction term in Eq. (85),
which should be smaller than the main Newtonian term, one may ignore some long wavelengths in the figure. In the
left panel, for the curves from lighter to darker (this hierarchy is held to the end of this part), we have Λ < 0.996,
Λ < 0.982, and Λ < 0.961, respectively. Similarly, for the middle panel we have Λ < 0.991, Λ < 0.987, and Λ < 0.985.
We also have Λ < 0.990, Λ < 0.994, and Λ < 0.997 for the right panel.
6. APPLICATION TO THE HYPER MASSIVE NEUTRON STARS
So far our consideration in the previous section has been devoted to an exponential toy disk. More specifically we
self-consistently studied the stability of the disk in both Newtonian and PN descriptions. In this section, we apply
the results to a more realistic system, i.e., HMNS, in which relativistic effects are important. Although we restrict our
analysis to HMNS system, we should mention that there are some other environments where the PN corrections may
be important. For example, sometimes a black hole-neutron star merger will tidally disrupt the neutron star outside
the black hole’s innermost stable circular orbit, forming a post-merger torus, and probably a short gamma-ray burst. It
would be interesting to study the stability of the post-merger black hole-neutron star disk (Foucart 2012). Moreover,
some recent works (for example see Inayoshi & Haiman 2016) have argued that the maximum observed mass for
super-massive black holes ( 1010M⊙) is due to the onset of Toomre instability near the innermost stable circular orbit.
Considering the PN effects in this system may shed light on the dynamics of the system. Also, a very speculative origin
for the LIGO black hole-black hole binaries is gravitational fragmentation of the core of a rapidly spinning massive
star, during a core-collapse supernova. GR corrections to the gravitational instability criterion, in principle, can be
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relevant here (DOrazio & Loeb 2018). In the following, we focus on HMNSs and leave the above-mentioned systems
for future studies.
The resulting object in the merger of a binary system of neutron stars is an HMNS. The formation of the HMNSs
is a complicated process and consequently, approximative and numerical methods are used to study them. The main
properties of the HMNSs have been widely investigated in the literature, using numerical simulations in GR. It is
worth mentioning that, these simulations cover a wide range of initial conditions and various equations of state and
masses (for example see Hanauske et al. 2017; Hotokezaka et al. 2013).
We should also remark that some dynamical instabilities may occur in an HMNS. For example, the magnetorotational
instability (MRI) can be established in the HMNS, and can substantially change the strength of the magnetic field
(Duez et al. 2006, Siegel et al. 2013). Furthermore, as we already mentioned, other dynamical instabilities like Kelvin-
Helmholtz and bar like m = 2 instabilities can also occur in this system. It is also important mentioning that the
Papaloizou-Pringle instability has been seen in numerical relativity simulations of post-merger black hole-neutron star
pairs (Mewes et al. 2016).
Although we have restricted ourselves to the linear stability analysis, it is important to mention that the thermody-
namical properties of the gas can play an important role in developing the nonlinear gravitational instability (Gammie
2001). Numerical experiments of Gammie (2001) show that the local fragmentation can happen if the cooling is effi-
cient in the system. In other words, there will be a possibility for gravitational instability when the gas can be cooled
on a timescale less than 3Ω−1. This is known as Gammie criterion. On the other hand, for the cases that the cooling
timescale is longer than 3Ω−1, the disk reaches a steady gravitoturbulent state in which Q ≈ 1 and the disk is stable
against fragmentation, see also (Rafikov 2009). We will discuss this fact with more details at the end of this section.
Here using a fully general-relativistic simulation done by Hanauske et al. 2017, we apply our exponential toy model
to a set of simulated HMNSs. To do so, we present a rough estimation and search for the footprint of the local
gravitational instability. In order to apply our exponential disk toy model to the above-mentioned simulations, we
utilize some simplifications and assumptions as follows:
i) We know that there is no exact EOS for a high-density matter, especially in neutron stars. One type of EOS that is
used in the simulations is the piecewise polytropic EOS (Read et al. 2009). In this EOS, the neutron stars are assumed
to be cold, and the rest-mass density determines the other thermodynamical quantities. However, a modified version
of this kind of EOS approximately considers also the thermal effects. In this EOS, the pressure and specific internal
energy divided into two cold and thermal parts, where the thermal part is considered to be an ideal fluid component.
Albeit we follow the analysis presented in Hanauske et al. (2017), that shows that the effect of the thermal component
can be ignored throughout the disk. Using the values of physical quantities of HMNSs introduced for five different
models in Hanauske et al. (2017), and assuming the general form of the EOS as p = KΣΓ, one can approximately
study the local gravitational instability in the HMNS. It is important mentioning that, as a crude estimation we choose
Γ = 2, which is widely used in neutron star studies (e.g. Siegel et al. 2013).
ii) The typical value for the polytropic constantK ′ in the polytropic EOS, i.e., p = K ′ρΓ, is 0.014m5kg−1s−2 (or 100
in the units that c = G =M⊙ = 1, see Siegel et al. 2013). Here we use this typical value along with the other physical
properties of the torus to find an approximate magnitude of the polytropic constant K for our two-dimensional model.
To do so, we assume a scale length h for the thickness of the torus as h = Rd/i, where to find a reliable estimation we
vary i as i = 3, 4, 5. In this case, one may straightforwardly write the polytropic constant as
Ki ≃ 0.014
(
Rd
i
)−2
(88)
Note that we will use the averaged value of Ki denoted by K.
iii) The mass and radius of the disk and the total mass of the HMNS for each model have been measured in
Hanauske et al. (2017). However, the mentioned models also have a core in the center. Nevertheless, in Fig. 16 of
Hanauske et al. (2017), it is seen that at least in the disk, the density profile is more or less exponential. Therefore we
fit an exponential surface density, i.e., Σ = Σ0e
−2y where y = R2Rd , to the models. We find unknown parameters Σ0
and Rd by imposing the following restrictions on the surface density
Rdisk∫
0
ΣdA =Mcore ,
Rt∫
Rdisk
ΣdA =Mdisk (89)
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Table 2. Toomre’s criterion for the allowed models
Model y Q 1 + C(y, η, µ) NTC PNTC
GNH3-M125
4.9 1.03 0.22 X X
5 1.11 0.17 X X
H4-M125
4.3 0.56 0.57 – –
4.6 0.68 0.50 – X
4.9 0.84 0.44 – X
ALF2-M125
4.4 0.59 0.54 – X
4.7 0.72 0.48 – X
4.9 0.83 0.42 – X
Note— Investigating Toomre’s criterion in the Newtonian and PN viewpoints. The first column is the model name. The
second column shows different radii y. The third (fourth) column shows the value of Toomre’s parameter (R.H.S. of PN
Toomre’s criterion). The check marks in the fifth and the sixth columns show the establishing Newtonian and PN Toomre’s
criterion respectively. Note that, for each model, radii less than the smallest specified radius do not satisfy the conditions (77)
to (81).
where Rt is the total radius of the HMNS and we take it as Rt ≃ 25 km. We remind that Rd is the characteristic
length of the disk. Also, Rdisk is the radial position where the disk starts and Mdisk (Mcore) is the total rest mass
outside (inside) Rdisk. By solving these two integral equations we can find Σ0 and Rd. Consequently, after finding
Σ0, Rd and K, for each model, one can find stability parameters η and µ. Therefore, following our toy model in the
previous section, the local stability of each model can be readily checked at radii where the disk is in the PN regime.
The results have been summarized in Tables 1 and 2.
Table 1 shows η and µ for five models with different EOSs. One can see from this table that the value of η varies in
the interval 0.125 < η < 0.238. On the other hand, regarding the constraint that PN theory imposes on η (see Sec.
5), the maximum allowed value of this parameter in the interval 0 < y < 5 is η = 0.150. So, the models with a higher
value of η are not inside the realm of validity of PN theory. Therefore in Table 2, we deal with the allowed models.
On the other hand, the minimum value of η in Table 1 (η = 0.125) corresponds to y = 4.04. Therefore, using the
ascending nature of Eq. (77), we can show that only the radii y > 4.04 lie in the PN regime. In other words, at smaller
radii, the weak field limit is not satisfied.
One can check Newtonian as well as PN Toomre’s criterion in Table 2. In this table, we have written these criteria
as “NTC” and “PNTC” for Newtonian and PN Toomre’s criterion respectively. We consider the allowed models at
different radii. This table shows that in the Newtonian viewpoint, the local fragmentation is possible because, at most
radii, the Newtonian Toomre’s criterion is not satisfied. On the other hand, at some radii, it is possible for both
Newtonian and PN disks to be stable. For example, for the first model, at y = 4.9 and y = 5, it is clear from Table 2
that the stability condition is satisfied in both cases.
It should be noted that, in the PN description at most allowed radii, the PN Toomre’s criterion is established. More
specifically, the PN effects stabilize the disk against local fragmentations. On the other hand, considering the physical
properties of the HMNS, the Newtonian viewpoint is not trustworthy in this case. Consequently the usual Toomre’s
criterion cannot be used in this system. In fact, we have explicitly shown that the standard Newtonian stability
criterion leads to wrong predictions. Moreover, to the best of our knowledge, no gravitational local fragmentation
has been reported in the relevant relativistic simulations. Therefore one may conclude that this PN viewpoint is in
agreement with the relevant relativistic numerical simulations.
The stabilizing effects of the relativistic corrections may seem surprising. In fact, considering the complex combi-
nation of the physical quantities in the PN calculations, it is not simple to explain the mentioned behavior of PN
corrections. However, the effective form of the PN criterion is helpful for a better understanding of this issue. For
our models, we have considered the effective PN quantities, i.e., κp, Gp, and csp, and compared them with those of
Newtonian theory. It turns out that Gp plays a more significant role. In fact, it is clear from Eq. (57) that Gp can be
24 Kazemi et al.
smaller or larger than the Newtonian constant of gravitation. In our toy models, the PN corrections effectively reduce
the gravitational “constant” Gp and consequently yield a higher value for Qp compared to the Newtonian Toomre’s
parameter Q. Of course, for a more precise interpretation, one should take into account all the effective quantities,
and see what is the overall outcome.
As our final remark in this section, and for the sake of completeness, let us consider the Gammie criterion. Using Eq.
(24), one can find Ωp for the allowed models in Table 2. Therefore, the mentioned dynamical timescale 3Ω
−1 can be
calculated. It is straightforward to show that, for the cases studied in Table 2, this timescale is shorter than ∼ 1 ms.
On the other hand, for an HMNS the typical timescale of neutrino cooling is ∼ 2s (Paschalidis et al. 2012). Therefore
the cooling timescale is much larger than the dynamical timescale 3Ω−1. This rough estimation, in agreement with
the before-mentioned results, means that the local fragmentation cannot occur in an HMNS system.
7. DISCUSSION AND CONCLUSION
We have studied the local gravitational stability of a relativistic two-dimensional self-gravitating and differentially
rotating fluid disk in the context of PN theory. In this approximation, one can investigate the relativistic effects on
the dynamics of the system.
In fact, we have introduced a relativistic version of Toomre’s criterion including relativistic effects up to 1PN approx-
imation. For this purpose, we have studied the dynamics of a gaseous disk in Sec. 3, and found the hydrodynamics
equation in the PN approximation. Then we have linearized these equations, and applied the tight winding approxi-
mation (WKB) to investigate the local stability of the system. It provides a considerable simplicity in the calculations.
Then after finding the PN potentials of the WKB density wave, we solved the linearized PN equations in order to find
the dispersion relation for the propagation of small perturbations on the surface of the disk.
Using the PN dispersion relation and introducing some effective quantities as Gp, csp, and κp, we have found the
local stability criterion for the fluid disk in the context of PN theory in Sec. 4. In order to compare this criterion with
the Newtonian case, we have rewritten the PN Toomre’s parameter in terms of the Newtonian quantities. The PN
Toomre’s criterion can be expressed as Q > 1 + C(y, η, µ), where C(y, η, µ) is the PN correction term. To complete
our result and investigate the effect of each PN correction on the local stability, we have chosen an exponential disk
toy model. Also, we have introduced two dimensionless parameters, i.e., η and µ, which are made up of a combination
of c, G, Rd, Σ0, and K, to study the behavior of the system more clearly. In fact, these parameters represent the
strength of gravity and pressure in the system. Also, some restrictions on these parameters have been imposed to
satisfy slow-motion conditions in the 1PN approximation.
At first, after finding an allowed range for η and µ which satisfies the PN conditions at all radii, we have studied the
general effects of these parameters on the stability of the system. It is clear from the Fig. 3 that the role of η (µ) is
destabilizing (stabilizing) in both Newtonian and PN limits. However, at small radii, increasing µ can unexpectedly,
destabilize both Newtonian and the PN system. Furthermore, we have shown that the system is more stable in the PN
limit compared with the Newtonian case. However, the difference between the two theories gets negligible for small
values of both parameters.
Also, we have studied the growth rate of the perturbation in both regimes. For this aim, the dimensionless growth
rate, see Eq. (83), has been plotted versus the dimensionless wavenumber q. Fig. 5 shows that the growth rate
decreases (increases) and the instability interval gets shorter (larger), by increasing µ (η), in a fixed radius. So, one
can see that in both Newtonian and PN limits, µ (η) has stabilizing (destabilizing) effects. It is worth mentioning that
regarding the fact that the PN correction terms in Eq. (83) must be smaller than the main Newtonian contribution,
we could impose some restrictions on q. Furthermore, one can see from Fig. 5 that at the same radius and with the
same values for η and µ parameters, the instability interval is wider in Newtonian limit. In this case the instability
interval includes smaller wavelengths. Accordingly, the growth rates are larger in the Newtonian viewpoint. Therefore
we conclude tha the system is more stable in the PN limit.
Finally, we have studied the boundary between stable and unstable modes, by using Eqs. (87) and (85). This
boundary is investigated for different radii and various values of the stability parameters. Fig. 6, in agreement with
Fig. 3, shows that the system is more stable in the context of PN theory.
Finally, as an application, we have applied our calculations to the relativistic disk around an HMNS. We have used
a rough estimation, and studied the possibility of occurrence of the local gravitational instability in this system. In
fact, we have shown that the standard Newtonian Toomre’s criterion allows the system to be locally fragmented. Of
course, the Newtonian description is not a reliable way to investigate such a relativistic system. On the other hand,
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we have shown that, in agreement with the relativistic simulations, the local fragmentation could not happen in the
HMNS when we use the PN version of Toomre’s criterion.
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APPENDIX
A. THE FORTH-DEGREE DISPERSION RELATION
In this Appendix, we show the complete form of Eq. (55). This equation is the fourth-degree dispersion relation in
PN theory. As we mentioned in Sec. 3.3, the set of three equations (31), (32) and (35) for variables vRa, vϕa, and Σ
∗
a
has nontrivial solutions when
ω4
(
A4 +
B4
c2
)
+ ω3
(
A3 +
B3
c2
)
+ ω2
(
A2 +
B2
c2
)
+ ω
(
A1 +
B1
c2
)
+A0 +
B0
c2
= 0 (A1)
We show each coefficient of ωi (where i = 0 to 4) by Ai (the Newtonian part) and Bi (the coefficients of c
−2). After
applying the WKB approximation, the Newtonian and PN coefficients of the fourth-order equation read
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As mentioned before, the solutions of this fourth-degree equation are long and complicated. Therefore we do not write
them here. Nevertheless, neglecting the O(c−2) terms, these solutions reproduce the standard case written as
ω1,2=mΩ∓
√
k2 c∗2s − 2 πG |k|Σ∗0 + κ2
ω3,4=mΩ
One can easily verify that ω1 and ω2 can be expressed as the compact form (mΩ − ω)2 = k2 c∗2s − 2 πG |k|Σ∗0 +
2RΩΩ′ + 4Ω2, which is the well-known Newtonian dispersion relation for non-axisymmetric WKB density waves.
